The vanishing of the Higgs quartic coupling of the Standard Model at high energies may be explained by spontaneous breaking of Higgs Parity. Taking Higgs Parity to originate from the LeftRight symmetry of the SO(10) gauge group, leads to a new scheme for precision gauge coupling unification that is consistent with proton decay. We compute the relevant running of couplings and threshold corrections to allow a precise correlation among Standard Model parameters. The scheme has a built-in solution for obtaining a realistic value for m b /m τ , which further improves the precision from gauge coupling unification, allowing the QCD coupling constant to be predicted to the level of 1% or, alternatively, the top quark mass to 0.2%. Future measurements of these parameters may significantly constrain the detailed structure of the theory. We also study an SO(10) embedding of quark and lepton masses, showing how large neutrino mixing is compatible with small quark mixing, and predict a normal neutrino mass hierarchy. The strong CP problem may be explained by combining Higgs Parity with space-time parity.
I. INTRODUCTION
The discoveries of a perturbative Higgs boson at the Large Hadron Collider [1, 2] and no new states beyond the Standard Model (SM) [3, 4] suggest that the SM may be the correct effective theory of particle physics up to a scale orders of magnitude larger than the weak scale, a possibility largely ignored before the Large Hadron Collider. In such a scenario, progress in particle physics will depend on both precision measurements of SM parameters, as well as searches for rare processes, for example those violating baryon number, lepton numbers and CP. Precision measurements can probe particle physics to extremely high energies. In 1974
Georgi, Quinn and Weinberg proposed that measurements of the three gauge couplings of the SM, g 1,2,3 , could test whether the three gauge forces of nature are unified into a single grand unified gauge force with coupling strength, g u , at some very high unified mass scale M u [5] .
The two fundamental UV parameters lead to a correlation among the three measured gauge couplings: (α u , M u ) → {g 1,2,3 }. After decades of measurements, this correlation is at best a first order approximation, requiring very large threshold corrections from the unified scale to force the low energy gauge couplings to meet and to make M u sufficiently large to be consistent with the experimental limit on the proton lifetime. Similarly, the simplest SU (5) [6] prediction for fermion masses, the ratio m b /m τ [7] , is also at best a first order result, requiring large corrections. Nevertheless, unification is a bold and exciting vision that explains the gauge quantum numbers of the quarks and leptons, including charge quantization, and can be probed via precision measurements of SM parameters at low energy.
Precision measurements of the weak mixing angle at LEP [8] supported supersymmetric unification. Triggering the weak scale from supersymmetry breaking, v ∼ m susy , gave a successful correlation of the low energy gauge couplings via (g u , M u , m susy /v 1) → {g 1,2,3 } [9] [10] [11] [12] [13] [14] . While theories with a sufficiently long proton lifetime were easily constructed, the absence of superpartners at the Large Hadron Collider now makes it difficult to identify m susy with the weak scale, weakening the theoretical basis for this correlation.
With a 125 GeV Higgs and the SM valid to sufficiently high energies, the Higgs quartic coupling of the SM passes through zero at a scale of order (10 9 − 10 12 ) GeV [15] , as shown in via a new symmetry. One possibility is that the new symmetry is supersymmetry; although the vanishing of the quartic is not guaranteed, it does occur in a large portion of parameter space [16, 17] . We have recently introduced another possibility, "Higgs Parity" [18] , that interchanges the weak SU (2) gauge group (and SM Higgs, H) with a partner gauge group SU (2) (and partner Higgs, H )
where the quantum numbers of H and H refer to (SU (2), SU (2) ). Spontaneously breaking SU (2) by H = v leads to the Higgs being a Nambu-Goldstone boson with λ SM (v ) = 0 at tree-level. Depending on the implementation, this can also solve the strong CP problem [18] and lead to interesting dark matter candidates [19] .
In this paper we identify SU (2) × SU (2) as the SU (2) L × SU (2) R subgroup of the unified SO(10) gauge group [20, 21] , so that v is identified as the scale of parity breaking.
In SO(10) unification, an intermediate scale of symmetry breaking introduces an extra free parameter so that the correlation of {g 1,2,3 } from gauge coupling unification is lost. However, in theories with Higgs Parity, v is predicted from the Higgs mass so that a correlation is recovered, as illustrated in Fig. 1 ; three parameters of the unified theory yield a correlation among four measured observables, (g u , M u , v ) → {g 1,2,3 , m h }. In fact, the uncertainty in this correlation is dominated by the top quark Yukawa coupling y t via renormalization of the quartic coupling, so that in Higgs Parity Unification four UV parameters of the theory yield a correlation among five low energy observables [18] (g u , M u , y t , v ) → {g 1,2,3 , m h , m t }. 
II. HIGGS QUARTIC COUPLING AND HIGGS PARITY
In this section we review the relation between the nearly vanishing SM Higgs quartic coupling at high energy scales and the Higgs Parity symmetry breaking scale introduced in [18] . Consider a Z 2 symmetry which exchanges the SM SU (2) gauge symmetry with a new gauge interaction SU (2) , as well as the SM Higgs field H(2, 1) with its partner H (1, 2).
Here the brackets show the SU (2)×SU (2) quantum numbers. We refer to this Z 2 symmetry as Higgs Parity.
Well below the cut off scale, the following renormalizable scalar potential dominates the dynamics of H and H ,
We assume m 2 > 0 and m v, the electroweak scale. Higgs Parity is spontaneously broken by the vacuum expectation value (VEV) H ≡ v , with v 2 = m 2 /2λ. After integrating out H , the low energy effective potential of H is
To obtain the hierarchy H v , it is necessary to take a very small value of
leading to a small value of the SM Higgs quartic coupling λ SM 0. This is the boundary condition on λ SM at the renormalization scale µ c = v . Renormalization group running from the top quark yukawa makes λ SM 0.1 around the electroweak scale. From the IR perspective, the scale v is identified with the energy scale around which the SM Higgs quartic coupling vanishes. Threshold corrections to λ SM (v ) as well as a precise prediction for v are presented in Sec. VI.
In this paper, we identify Higgs Parity with the Left-Right symmetry which can be embedded into SO(10) grand unification. As we illustrated in the introduction and will elaborate in Sec. VII, this identification leads to a non-trivial scheme for precise gauge coupling unification.
III. GRAND UNIFICATION AND THE STRONG CP PROBLEM
A. Left-Right symmetry as Higgs Parity
Let us first embed Higgs Parity into the Left-Right symmetry where SU (2) is identified with SU (2) R . The gauge symmetry above the scale v is
R , which we refer to as 3221 or 422 for short. 422 is the PatiSalam gauge group [22] , and SU (3) c × U (1) B−L is a subgroup of SU (4). The gauge quantum numbers of SM fermions, H and H are shown in Table I . The Left-Right symmetry, which we denote as C LR , is
and includes Higgs Parity. This results in the Higgs having gauge quantum numbers identical to leptons, which is not standard for Left-Right theories [23] [24] [25] [26] [27] [28] . The 3221 or 422 gauge groups are broken down to the
We may also combine Left-Right symmetry with another discrete Z 2 symmetry; the most interesting option being space-time parity,
which we denote as P LR . As we will see, the strong CP problem may then be solved.
B. Yukawa couplings and the strong CP problem
The gauge charges in Table I forbid renormalizable yukawa couplings. Instead, the SM fermion masses arise from the mixing of (f ;f ) = (q, ;q,¯ ) with extra massive fermions (X;X) via yukawa couplings and masses of the form
After H obtains a VEV, (f,f ) mixes with (X,X). A linear combination of them remains massless and has the yukawa coupling f SM i y ijfSM j H ( †) . If the mass of X is much larger than xv , we may integrate out X to obtain a dimension-five operator ff H ( †) H ( †) , which yields a yukawa coupling y ∼ x 2 v /m.
The strong CP problem can be solved by combining Left-Right symmetry with spacetime parity, as the symmetry forbids the θ term and constrains the determinant of the quark mass matrix [23, 24] . See Refs. [29] [30] [31] [32] [33] [34] [35] [36] [37] [38] for studies on Left-Right symmetric solutions to the strong CP problem. Refs. [39, 40] propose a model with a structure for yukawa couplings similar to ours and show that the strong CP problem is actually solved since x ij = x * ij and m ij is Hermitian. They obtain the hierarchy v v by softly breaking the Left-Right symmetry with space-time parity. In out setup the symmetry, which we call Higgs Parity, is spontaneously broken without soft breaking, predicting a vanishing λ SM (v ). Spontaneous breaking of parity generates a phase in the determinant of the quark mass matrix via twoloop quantum corrections [18] . Assuming that the couplings x are O(1), the corrections are safely below the current limit from the neutron electric dipole moment, but in the range that can be probed by planned experiments. The model of flavor presented in Sec. V does not obey this assumption, and the corrections may be larger.
C. SO(10) unification
The 3221 and 422 theories can both be embedded into SO(10) grand unified theories.
The SO(10) gauge charges of the SM fermions, H and H are shown in Table I . The SM fermions are unified into three 16s, and the Higgs fields H and H are also embedded into a 16.
The symmetry breaking pattern is
The theory has three UV parameters relevant for gauge coupling unification: the SO (10) gauge coupling, the SO(10) symmetry breaking scale, and the LR symmetry breaking scale v . As there are also three SM gauge coupling constants, it is not surprising that one can typically find a set of the three UV parameters that allow coupling unification. However, as we have shown, the LR symmetry breaking scale is not a free parameter when it is linked to Higgs Parity breaking, but is determined by the running of the SM Higgs quartic coupling.
In this case, it would be significant if coupling unification were successful. In 
D. Degree of fine-tuning
We comment on the fine-tuning of parameters in the Higgs potential (3) required for symmetry breaking. First, m 2 must be fine-tuned by an amount ∆ m 2 , so that the Higgs Parity breaking scale v is much less than the cutoff scale Λ, which must be larger than the unified scale M u . Secondly, λ must be fine-tuned by an amount ∆ λ to obtain the electroweak scale v from the scale v . The total fine-tuning with Higgs Parity is the product
which is independent of v . This is because a smaller v requires more fine-tuning in ∆ m 2 , but this is compensated by less fine-tuning in ∆ λ to obtain the electroweak scale from the scale v . It is important to note that Higgs Parity, H ↔ H , ensures that the mass terms for H and H in (3) are identical, so that the single fine-tune by ∆ m 2 protects both scalars to the scale v . Given that the SM Higgs must be protected for electroweak symmetry breaking, there is no additional cost to protect H : the smallness of the scale v Λ requires no unnaturalness beyond that already needed for the weak scale. The total fine-tuning of the theory ∆ HP = v 2 /Λ 2 is nothing but the electroweak fine-tuning, which may be explained by environmental selection [41, 42] . This is in contrast to the usual SO (10) and hence the total fine-tuning is
This extra fine-tuning v 2 I /Λ 2 cannot be explained by environmental selection of the electroweak scale, and requires an additional explanation.
IV. GAUGE COUPLING UNIFICATION AND PARITY BREAKING SCALE
We assume an SO(10) gauge symmetry at a high energy scale, broken to 3221 or 422 at the unification scale. These are then broken to the SM gauge group by the VEV of H . One possibility is that Higgs Parity is C LR , a Z 2 subgroup of SO(10) that interchanges SU (2) L and SU (2) R . In this case, the symmetry breaking chain and the required Higgs fields are
SO (10) φ 54
To solve the strong CP problem, the symmetry to begin with is SO(10)×CP . This symmetry is broken by the VEV of a field that is odd under both C LR and CP, so that the residual Z 2 symmetry for Higgs Parity is C LR * CP = P LR and includes spacetime parity. In this case
SO(10)
In this section we compute the running of the gauge coupling constants from IR to UV, treating the parity symmetry breaking scale v as a free parameter.
Values of the SM gauge couplings derived from experiment are (14) in the MS scheme at a renormalization scale of m t . Here the hypercharge coupling is given in the normalization appropriate for grand unification and is called g 1 , or occasionally g Y to avoid confusion with the B − L gauge coupling. Between the electroweak scale and the scale v , the RGE equation at the two-loop level is given by 
A.
We match the SU (3) × SU (2) × U (1) gauge coupling constants to those of 3221 at the
Since W is the only heavy charged gauge boson at this scale, no mass-dependent threshold corrections are introduced from the gauge bosons. The RGE equation in the 3221 theory is
Here we only show the contributions from gauge bosons, SM fermions, H and H ; contributions from X states are shown in Appendix A.
We match the 3221 gauge couplings to that of SO (10) where ∆ i denote possible threshold corrections from scalars and fermions. If the SO (10) symmetry is broken by a VEV of 45, r XY = 2. If it is broken by the VEV of the SU (4) adjoint part of 210, r XY = √ 2. The VEV of 54 or the SU (4) singlet part of 210 gives a mass only to the XY gauge bosons, and makes r XY smaller.
For each M XY , the threshold correction from scalars and fermions required for unification
In Fig. 3 , we show contours of ∆ in the (v , M X ) plane, assuming r XY = 2 (left) and 1/2 (right). The dot indicates the point where ∆ = 0. In the upper/lower panel, we assume that the X multiplet generating the up yukawa couplings is 45/54. We fix the X masses so that the quark yukawa couplings are reproduced for x = 1. In the gray-shaded region, the Landau pole of the SO(10) gauge coupling is less than 10M XY , so that the precision of gauge coupling unification is spoiled. The blue-shaded region predicts too rapid a proton decay rate and is excluded by Super Kamiokande [43] . The blue dotted line shows the sensitivity of Hyper Kamiokande [44] .
As x is varied so the required value of M X changes. However, in the case that the entire SO(10) multiplet is degenerate, an order of magnitude change in M X only changes ∆ by ∼ 1, as this is a two loop effect. The different 3221 irreducible representations, X a , within a single SO(10) multiplet receive non-degeneracies of only few 10% or less from gauge radiative corrections below M XY . However, for successful flavor physics we allow order unity tree-level splittings between these masses leading to contributions to ∆ of (4/3)C ln(M a /M b ), where C is a quadratic Casimir, normalized to 1/2 for a fundamental representation. Order unity splittings can give ∆ ∼ 1 − 3, depending on the size and number of the X multiplets.
In Appendix B we compute contributions to ∆ from scalar multiplets that break SO(10).
∆ is typically smaller than 1 if 45 is the only such multiplet, while 54 and 210 multiplets allow for ∆ of a few and 10, respectively.
Higher dimensional interactions between the SO(10) symmetry breaking field and the gauge field in general split the gauge coupling constants at the unification scale. Assuming a suppression scale of the reduced Planck mass, splittings from a dimension five operator typically give ∆ 10 for a unification scale of 10 17 GeV. In theories with CP symmetry at the unification scale, which solve the strong CP problem, the dimension five operator is forbidden, and the splittings from a dimension six operator typically give ∆ 1. At lower values of the unification scale these values of ∆ are reduced.
We match the SM gauge coupling constants to those of the 422 theory at the W mass,
Since the values of α 4 and α 2 are known, the successful embedding of U (1) Y into the PatiSalam gauge group fixes the scale v . To take into account a possible threshold correction, we define
The RGE equation of the SU (4) × SU (2) × SU (2) gauge coupling constants is
Here we only show the contribution from the gauge bosons, the SM fermions, H and H .
The contribution from the X states is shown in Appendix A.
We match the 422 gauge couplings at the mass, M XY , of the XY gauge boson, which is the only heavy gauge boson. The threshold corrections at M XY are 2π
where ∆ 4,2 denote possible threshold corrections from scalars and fermions. For each M XY , we quantify the required value of the threshold correction by
In Fig. 4 , we show the contours of ∆ 422 and ∆ 10 . The parameter point where no threshold correction is required is already excluded by Super Kamiokande. A threshold correction of ∆ 10 ∼ 10 is necessary to evade the bound from proton decay. We estimate the typical magnitude of the threshold corrections from the unified scalar multiplets that break SO (10) belonging to 54 or 210 in Appendix B, and show that ∆ 10 is typically O(1). This is because of the smallness of the contribution of scalar particles to the renormalization of gauge couplings. Threshold correction can be large if the theory near the unification scale is non-minimal; if the unified scale arises from the supersymmetry breaking scale, the threshold correction can be easily as large as 10.
V. YUKAWA COUPLINGS
The predictions from Higgs Parity coupling unification are affected by threshold corrections to λ SM (v ). The SM yukawa couplings are generated from the mixing of (q,q, ,¯ ) with the X states when parity is broken by H = v . The leading correction to λ SM (v ) is expected to arise from the generation of the top quark yukawa coupling. In this section we discuss how the SM yukawa couplings arise from the SO(10) unified theory via interactions of (7).
We also show that there is a simple understanding of why the b/τ mass ratio deviates from the simplest expectation from grand unification, as well as why the neutrino masses and the mixings are not as hierarchical as those of quarks. We also comment on a possible impact on leptogenesis [45] . Terms in the Lagrangian of the SO(10) theory that lead to quark and lepton masses are The X states for the up-type yukawas couplings are in 45 or 54. For 54, the up yukawa couplings arise from the interaction and mass term
Note that below the SO(10) breaking scale, the ψ(Q, U, ...)φ couplings x X and masses m X are given for each 3221 component of X : (Q, U, D, ...). We allow these couplings and masses to deviate from strict SO(10) relations by order unity amounts via O G .
Here and below we neglect flavor mixing, which can be straightforwardly taken into account, so that x Q and m Q are real parameters referring to a single generation. We show how the SM up-type yukawa coupling arises in the upper most panel of Fig. 5 . Because of the non-zero H , Q 1/6 and q mix with each other. The mixings in Fig. 5 are given by
A linear combination of Q 1/6 and q obtains a mass m 
Except for the top yukawa coupling, we expect m Q x Q v to be a good approximation, so that y u x 2 Q v /m Q for the up and charm quarks. Q −5/6 andQ 5/6 obtain a mass m Q . When the X states arise from 45, we have
The fate of QQ and q are the same as for 54. A linear combination ofq −2/3 andŪ pairs with U and obtains a mass m
The orthogonal combination becomes aū of the SM, so that the corresponding up-type yukawa coupling is
Small up and charm yukawa couplings are explained by
The generation of SM fermion masses. The mixing angles are defined so that they vanish
B. Down-type quark yukawa coupling
The X states for down-type quark yukawa couplings are in 10 of SO (10), as larger representations result in non-perturbative gauge couplings. Yukawa couplings arise from
A linear combination ofq 1/3 andD obtains a mass m 
The X states for charged lepton yukawa couplings are also in 10 of SO (10), and the yukawa couplings arise from The SM charged lepton yukawa couplings depend on whether the X states for the up-type quark is 54 or 45. If it is 54,¯ 1 is the SM right-handed charged lepton. If it is 45, we need to take into account the following interaction,
A linear combination of¯ 1 and T R,1 obtains a mass m 
D. Neutrino masses and mixing
If the X states of up-type quarks are 54, neutrino masses may arise from the interactions and mass term,
In the 422 theory m S = m U and x S = √ 3/2 x U . At tree-level, only one linear combination of ν and N , which is predominantly N , obtains a mass, and the SM neutrino remains massless. However, since lepton and chiral symmetries are broken by m S , there is no symmetry forbidding a SM neutrino mass, which should arise from quantum corrections. Taking into account mixing between and ∆ −1/2 , the neutrino mass is
Next we consider aspects of flavor mixing. Although the same SO(10) states, X 45,54 , contribute to both up-type quark and neutrino masses, the lack of mass hierarchies and large mixing angles of neutrinos compared with up-type quarks can be understood. Assuming m ∆ x ∆ v only for the third generation, the neutrino mass matrix is given by
where the factor of 1/16π 2 applies only for X 54 . With c ∆ 3 = O(10 −2 ), the neutrino mass matrix is not near-diagonal nor hierarchical, except for the (1, 1) component. Thus, in Higgs Parity Unification we are able to derive an order-of-magnitude mass relation
which is successful since the Higgs mass and coupling unification require v = 10 10-12 GeV.
The small up quark mass arises from the (1, 1) component of (39) , so that the lightest neutrino is much lighter than the other two neutrinos, goiving a normal hierarchy with
Because of the suppression of the neutrino mass by c ∆ 3 , for a given mass m S,T the couplings x S,T are larger than expected from the usual see-saw relation
We expect that the lepton asymmetry produced by decays of S and T is enhanced, reducing the minimal reheating temperature for successful leptogenesis, whether thermal [46, 47] or non-thermal [48] . Ref. [18] shows that the quantum corrections to the strong CP phase arise at two-loop level. The corrections are shown to be below the current limit from the neutron electric dipole moment under the assumption that the couplings x are O(1) and m X are above v .
This assumption is not valid for the (3, 3) components of x D ∼ y b and m D ∼ 10 −2 y b v . As a result, the suppression of the corrections found in [18] is not guaranteed, and the corrections may be as large as 10 −6 . We expect that the corrections are suppressed by an appropriate flavor structure of x and m X , which we leave to future work.
F. The bottom-tau mass ratio and x Q
If the top quark mass is generated by X 54 , then the bottom quark but not the tau, receives a suppression from the up-type quark yukawa sector; thus from Eqs. (32) and (35) 
at the unification scale, as well as c ∆,D 1 to obtain the neutrino masses and mixing, we find y b /y τ = c Q at the unified scale, which is renormalized to
To obtain the observed ratio of 1.6, we need
If the top quark mass is generated by X 45 , the tau yukawa coupling may be also suppressed 
VI. PREDICTION FOR THE SCALE OF PARITY BREAKING
In Sec. II, we showed that the SM Higgs quartic coupling essentially vanishes at tree level at the Higgs Parity symmetry breaking scale, v . In this section, we compute threshold corrections to the Higgs quartic coupling and derive v in terms of SM parameters.
A. Threshold corrections to the SM quartic coupling
The tree-level scalar potential is
After taking into account quantum corrections, the coupling λ (v ) becomes non-zero.
Threshold correction from charged gauge bosons
The one-loop Coleman-Weinberg (CW) potential from W and W bosons is
where M is an arbitrary scale. A change of M can be absorbed by a change of λ. The vev of H satisfies
After integrating out H , the potential for H, to leading order in c and λ , is given by
To obtain the electroweak scale much smaller than v requires λ c/2 + 2c ln(v /M ), giving
We match this potential to the one-loop CW potential of the SM from the W boson,
where we take the MS scheme. By matching V SM (H) to V (H) with µ = v , we obtain
To suppress higher order corrections, the coupling g should be evaluated around v .
Threshold correction from neutral gauge bosons
The threshold correction from Z and Z bosons can be estimated in a similar manner.
After integrating out H and fine-tuning for the electroweak scale, the Higgs potential is
The one-loop CW potential of the SM from the Z boson is
Matching these results at v gives the threshold correction
The threshold correction from top quarks is model-dependent. Let us first consider the case where the X state for the top quark is 54, where the relevant interaction is shown in Eq. (26) . The mass squareds of the six mass eigenstates are
With a similar computation to the gauge contribution, we find that
The one-loop CW potential of the SM from the top quark is
and matching these potentials yields the threshold correction
Note that the threshold correction logarithmically diverges as x Q → y t i.e. m Q x Q v because, for m Q x Q v , there is an additional particle below the scale v coupling to the SM Higgs.
We next consider the case where the X state for the top quark is 45, where the relevant interactions are shown in Eq. (29) . We only consider the case x U x Q and m U m Q , giving the top yukawa coupling
which can be solved for
We find the threshold correction
where the functions f 45± are given by
The function f 45 (r) nearly vanishes around r = 1.
Threshold correction from other fermions
The threshold correction from other charged fermions are expected to be negligibly small because the corresponding m X v or x 1. An exceptional case arises if the up/charm yukawas, arise from X 45 , and y u,c 1 follows from m X xv while x = O(1). We do not consider such a case.
The threshold correction from the neutrino that is in the same 16 as the top quark can be large since x ∼ 1 and m X ∼ v . If the X state for the top quark is 54, the yukawa coupling of H and H to and¯ are of the form (36), which is SU (4) symmetric. The threshold correction to λ SM (v ) vanishes at one-loop level. If the X state for the top quark is 45, the yukawa coupling is of the form
giving the threshold correction
We find this correction to be negligible unless m T x T v , which requires m T m Q,U and is disfavored from the bottom-tau ratio.
Threshold correction from colored Higgses in the 422 theory
In the 422 theory, colored Higgs have masses around the scale v , and contribute to the threshold correction to λ SM (v ). We denote the (4, 2, 1) and (4, 1, 2) Higgses as Φ a α and Φ a,α , respectively. Here a, α, α are the SU (4), SU (2) L , SU (2) R indices, respectively. The
where
The threshold correction is given by [18] 
The function f c is always negative and is typically O(1). As long as | |, g, k are less than 1, this contribution is subdominant. If | |, g, k are larger than unity, which leads to strongly coupled Higgses at higher energy scales, this contribution can be large and predicts larger top quark masses. We assume weakly coupled Higgs bosons and neglect the threshold correction from the colored Higgses.
B. Top quark mass, QCD coupling and the Higgs Parity breaking scale
Let us first clarify the top quark mass we use in this paper. We use the pole top quark mass m t , from which we compute the MS top yukawa coupling via [15] y t (m t ) = 0.93690 + 0.00556
where the NNNLO QCD quantum correction is included. The conversion necessarily involves an uncertainty due to the non-perturbative nature of QCD [49] [50] [51] . To go beyond the precision limited by this uncertainty, which is expected to be as large as the QCD scale, the top quark mass shown in this paper should be understood as a quantity defined by Eq. (69).
Also, the pole mass measured using hadronic final states suffers from the uncertainty of soft QCD processes including hadronization [52] . We nevertheless show the value suggested in [53] , m t = 173.0 ± 0.4 GeV, as a guide.
We compute the running of the SM Higgs quartic coupling following [15] . In Fig. 6 left panels, we take x Q = 1. For a given top quark mass, the prediction for v is smaller than the one for f = 0, since f 0. We find that this is also the case for X 45 with generic (x Q , x U , m U , m Q ). Thus, for a given v , which is fixed by successful unification, we obtain an upper bound on the top quark mass.
We can make a sharper prediction by assuming bottom-tau unification discussed in Sec. V F. In the right panels, we take the value of x Q to reproduce the bottom/tau ratio. The predictions for X 45 are indistinguishable from the one for f = 0. Here it is assumed that m Q = m U . We find that this is still the case for m U m Q , while for m U > m Q the result approaches that of X 54 . The prediction for X 54 differs from f = 0, but not by as much as when x Q = 1. For this case of the simplest successful b/τ result, for a given v we have two predictions for the top quark mass, which differ from each other by 0.6-1 GeV.
VII. PRECISE UNIFICATION AND SM PARAMETERS
In Sec. IV we used gauge coupling unification to predict the unified mass scale M XY and the Higgs Parity breaking scale v in terms of unified threshold corrections from gauge particles, r XY , and from scalars and fermions, ∆, as shown in Figs. 3 and 4 . In Sec. VI, v was predicted by evolution of the SM quartic, including threshold corrections from this
Higgs Parity breaking scale that are sensitive to the top quark coupling x Q , as shown in Fig. 6 . By combining these results from Secs. IV and VI, which both depend on whether the X state for the top quark mass is a 45 or 54, we are finally ready to discuss the correlation among SM parameters discussed in the introduction.
In Fig. 7 , the predicted correlation between m t and α s (m Z ) is shown, for x Q chosen to fix m b /m τ . In the left panel, regions with ∆ < 1 or 3 are shaded, which is reasonable if the SO(10) Higgses are 45 or 54. For a given theory, (m t , α s ) is predicted with uncertainties of
The 2σ range of m t and α s (m Z ) [53] is shown by a dotted box. The running of the gauge and quartic couplings for the experimental central value of (α s , m t ) is shown in Fig. 1 , assuming X 45 , r XY = 2 and x Q fixing m b /m τ . The global picture of the correlation shown in Fig. 2 also assumes the same setup, although the picture looks similar for other choices of the X states, r XY and x Q .
In the right panel of Fig. 7 , we fix the XY gauge boson mass to be 10 16 GeV, which would be suggested if proton decay is observed by Hyper-K. A large value for ∆ is then needed for unification, and the widths of the shaded bands result from requiring ∆ < 10. The top quark mass must be below 172.8 GeV for α s (m Z ) = 0.1181. If proton decay is observed by Hyper-K and the top quark mass is found to be near this bound, we can infer that the bottom-tau ratio is fixed by x Q and SO(10) symmetry is broken by a 45 VEV. 
In the 422 theory, the embedding of the U (1) Y coupling into the SU (4)×SU (2) R couplings is non-trivial. In the minimal theory, the threshold correction ∆ 422 only arises from the colored Higgs,
where m h Q is the mass of the colored Higgs whose gauge quantum number is the same as that of the SM quark doublet. The magnitude of this correction is less than 1, unless the parameters of the Higgs potential are fine-tuned to make the colored Higgs much lighter than W . A contribution to ∆ 422 may also arise from the mass splitting of X states. As long as x and m X preserve approximate grand unified relations, this contribution is also small.
One may wonder whether the hierarchy of m X xv leads to a large threshold correction. This is not the case since the VEV of H breaks SO(10) only to SU (5).
For ∆ 422 = 0, v 1.3×10 14 GeV is required. In Fig. 9 , the predicted correlation between In the 3221 theory with minimal content for the SO(10) breaking Higgs, the unification scale is above 10 16 GeV and the proton lifetime is predicted to be above the current constraint, as shown in the left panels of Fig. 3 . An observation of proton decay at future experiments would require large threshold corrections at the unification scale, ∆ > ∼ 10, and/or non-minimal SO(10) breaking. In both cases, a larger v and hence a smaller top quark mass is favored, as illustrated in the right panel of Fig. 7 .
In the 422 theory, threshold corrections at the unification scale from SO(10) breaking
Higgses give ∆ ∼ O(1). As Fig. 4 shows, the theory predicts the unification scale around The smallest representation which can break SO(10) down to 422 is 54. The decomposition of 54 into the 422 representations and the contribution of each to the beta functions
